












Rescaling also allows the gk to be set in a more intuitive way+ Consider what
happens if wk � 1

2
_ + If bk,0 is nonzero, then using a large value for gk shows that

k will be selected with high probability because jk, n
2 will eventually be larger

than c *~gk,0+5!, which will be relatively small in comparison+ This is exactly

Figure 1. Contour plot of c *~g,w! as a function of the hypervariance, g, and prior
inclusion probability, w+ Note that c *~g,w! is positive for small values of w and becomes
negative as w increases to one+ The thick line is horizontal value w � 1

2
_ and identifies

contour values for the function c *~{,0+5!+

Figure 2. Contour plot of c~g,w, n,s2! for n � 50 and s2 � 1+ The thick line is
horizontal value w � 1

2
_ and identifies contour values for the function c *~{,0+5, n,s2!+
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what we would like, because large gk values are used to elicit a belief that a
covariate is informative+

On the other hand, consider what happens if bk,0 � 0+ Now if we select gk to
be small, c *~gk,0+5!
 1+ Thus, if bk,0 � 0, the predictor k will be selected with
asymptotic probability P $x1

2 � 1%
 0+32+ Although this appears too large, and
brings into doubt whether gk should be chosen this way, one should note if bk,0

is nonzero, but very small, then k will be selected with roughly the same prob-
ability+ Thus, although one pays a price in overfitting if the coefficient is truly
zero, there is a built-in robustness to misspecification+ In fact, this is exactly
the same effect discussed in Section 6+2 that keeps the rescaled highest poste-
rior model from breaking down in a local asymptotic setting+

Figure 1 also indicates how the highest posterior model might be affected by
the underlying size of the model+ Consider the case when p is chosen such that
wk � w for some hyperparameter w � 0 reflecting overall size or model com-
plexity+ The preceding discussion shows how to choose gk in a meaningful way
when w � 1

2
_ + Namely, we use small values for covariates we expect to be non-

informative and large values for informative covariates+ This type of calibra-
tion also applies when the value for w � 1

2
_ and the model is anticipated to be

sparse+ In fact, now the use of small gk values to indicate noninformative pre-
dictors makes even more sense+ On the other hand, if w � 1

2
_ is large, then we

run into calibration problems+ Now c *~g,w! can be negative for all values of
g+ Clearly overfitting will occur, and there is no sensible way of selecting gk+
This suggests that highest posterior model selection might operate best under
rescaling only under sparse settings+

7. BREIMAN SIMULATIONS

In this section we use simulations to study the empirical performance of high-
est posterior model selection under both the scaled and nonscaled settings+ Our
simulations followed those used by Breiman ~1992!+ Specifically, data were gen-
erated by taking «i to be i+i+d+ N~0,1! variables, and covariates x i were simu-
lated independently from a multivariate normal distribution such that E~xi, k!� 0
and E ~xi, j xi, k! � r 6 j�k 6 , where 0 � r � 1 represents a correlation parameter+
All simulations involved K � 14 predictors with a sample size of n � 50+

We considered four sets of simulations, ~A!, ~B!, ~A'!, and ~B'!, reflecting
different correlation values r and different values for bk+ For simulation ~A!,
12 of the 14 predictors were chosen to be nonzero+ All coefficients were set to
the same small value, this being chosen such that the theoretical R2 value for
the model was 0+5 ~for a discussion of this point, see Breiman, 1992!+ Thus,
simulation ~A! reflects a setting involving many nonzero weak predictors+ In
contrast, simulation ~B! was designed to reflect a setting with few nonzero
strong predictors+ Of the 14 predictors, only six were chosen to be nonzero+
Of these, two had the same large value; the other four had the same medium-
sized value+ The size of coefficients was selected so that the large coefficients
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were 2+4 times larger than the medium-sized ones and such that the theoreti-
cal R2 � 0+75+ Both simulations ~A! and ~B! were based on a correlation of
r � 0, thus reflecting an orthogonal design setting+ On the other hand, simu-
lations ~A'! and ~B'! used r� 0+9, reflecting a highly correlated design+ Except-
ing this, simulation ~A'! was the same as ~A!, and simulation ~B'! was the
same as ~B!+

Each of the four simulations was repeated 1,000 times independently+ For
each experiment we kept track of the false discovery rate ~FDR!, false nondis-
covery rate ~FNR! and total risk performance ~TotalRisk! of a procedure+ The
FDR and FNR are the false discovery and false nondiscovery rates defined as
the false positive and false negative rates for those coefficients identified as
nonzero and zero, respectively+ The TotalRisk equals the total number of falsely
identified nonzero coefficients and falsely identified zero coefficients+Also com-
puted was the prediction error performance ~PE! of a procedure+ This was
defined as the mean square error of the estimated predictor computed over the
original data when compared to a freshly drawn set of Yi responses using the
original x i values+

Highest posterior model selection ~both scaled and nonscaled! was investi-
gated under a uniform model prior for p+ Hypervariances were set to gk � g,
where three different values for g were considered: g � 1,10, n ~this is similar
to what was done in Table 1!+ Additionally, we introduced a hybrid procedure
based on preselected hypervariances+ Prior to estimating the highest posterior
model we ran the spike and slab Gibbs sampler outlined in Ishwaran and Rao
~2005b!+ This was done using both scaled and nonscaled responses+ We then
used the posterior means of gk estimated from the Gibbs sampler as the hyper-
variances used for highest posterior model selection+ Note that a different set
of hypervariances and a different set of highest posterior models were esti-
mated for the scaled and nonscaled settings+ Finally, in addition to examining
highest posterior model selection, we also kept track of models selected using
BIC and AIC penalization+ These are the models with lowest BIC and AIC pen-
alties over all models+ The results for all these procedures are recorded in Table 2+
Values reported are averaged values from the 1,000 simulations+

Our conclusions are summarized as follows:

1+ In simulations ~A! and ~A'!, total risk performance for highest posterior
model selection, and also for other measures of performance, degrades as
g increases+ This is true for both the scaled and nonscaled cases+ This is
because the simulations reflect a setting where almost all coefficients are
relatively small and so the optimal way to select g would be to choose a
small value+ If g is large, estimated models are too small, and perfor-
mance suffers+ Notice also the mitigation effects of rescaling+ This is seen
by the better total risk performance due to a lower FNR brought on by a
less aggressive tendency to underfit—particularly evident here because
of the weak underlying signal+
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2+ The opposite effect is seen for simulations ~B! and ~B'! under rescaling+
Now highest posterior model performance improves as g increases+ This
is because in these sets of simulations only six coefficients are nonzero,
two being large, the other four nonzero coefficients having moderate size+
As g increases estimated models become small and approach the true
model+ This backfires for nonscaled models though, because sparse mod-
els are approached very rapidly as g becomes larger+ Performance degrades
in this setting because models are just too small and false negative rates

Table 2. Breiman simulations

Simulation ~A! Simulation ~A'!

FDR FNR TotalRisk PE FDR FNR TotalRisk PE

Many nonzero weak predictors
BIC 0+031 0+782 6+962 1+526 0+085 0+850 10+290 1+201
AIC 0+051 0+724 4+931 1+409 0+111 0+851 9+482 1+218

M [a,1
* 0+057 0+665 3+669 1+359 0+085 0+736 4+254 1+167

M [a,10
* 0+040 0+742 5+559 1+444 0+091 0+845 9+373 1+164

M [a, n
* 0+031 0+781 6+972 1+527 0+083 0+847 10+051 1+197

M [a,•
* 0+045 0+721 4+873 1+408 0+097 0+841 8+785 1+150

M [a,1 0+030 0+782 7+008 1+525 0+082 0+847 10+070 1+196
M [a,10 0+019 0+812 8+555 1+627 0+055 0+847 10+507 1+206
M [a, n 0+014 0+823 9+314 1+684 0+041 0+847 10+666 1+223
M [a,• 0+045 0+743 5+446 1+432 0+101 0+848 9+603 1+182

Simulation ~B! Simulation ~B'!

FDR FNR TotalRisk PE FDR FNR TotalRisk PE

Few nonzero strong predictors
BIC 0+091 0+135 1+800 1+287 0+167 0+351 4+570 1+204
AIC 0+195 0+088 2+135 1+274 0+342 0+363 5+185 1+239

M [a,1
* 0+353 0+102 3+754 1+286 0+494 0+022 5+993 1+228

M [a,10
* 0+151 0+101 1+897 1+271 0+245 0+266 3+735 1+164

M [a, n
* 0+090 0+134 1+792 1+287 0+208 0+338 4+468 1+199

M [a,•
* 0+177 0+088 1+963 1+265 0+263 0+258 3+755 1+164

M [a,1 0+086 0+133 1+758 1+284 0+209 0+340 4+494 1+200
M [a,10 0+041 0+182 2+057 1+334 0+105 0+345 4+353 1+192
M [a, n 0+026 0+214 2+365 1+382 0+076 0+344 4+280 1+187
M [a,• 0+121 0+114 1+789 1+273 0+273 0+342 4+693 1+209

Note: BIC and AIC are models selected using BIC and AIC penalization; M [a,g
* and M [a,g are highest posterior

scaled and nonscaled models, respectively, where gk � g; M [a,•
* and M [a,• are highest posterior scaled and non-

scaled models using estimated hypervariances+
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too high+ This behavior could have been predicted from Figure 2, where
contour values under a uniform prior ~i+e+, the thick line! can be seen to
increase quickly with increasing g+ As a result, only a very strong signal
can be detected+

3+ Total risk performance and PE for rescaled highest posterior model selec-
tion is better than in nonscaled selection in almost all examples+ This is
true when comparing models for the same hypervariance or when com-
paring models based on preselected hypervariances+

4+ Total risk performance and PE for rescaled highest posterior model under
preselected hypervariances, M [a,•

* , is better than AIC and BIC in almost
all examples+ The exception occurs in ~B!, where BIC is best with respect
to total risk+ In this particular scenario, BIC appears to discourage over-
fitting enough without inducing too much underfitting+ Interestingly,
M [a,•
* is highly competitive in PE with BIC even in this situation+ It is

also interesting to note that BIC is no longer better than M [a,•
* in the cor-

related case, ~B'!+
5+ The results for simulations ~A'! and ~B'! are in tune with those found for
~A! and ~B!+ This suggests that our theory may also apply to correlated
settings, at least approximately+

8. DISCUSSION

In this paper we have shown rigorously that underfitting using the highest pos-
terior model occurs because of a BIC-like penalization term appearing in the
log-posterior model probability+ Various limiting probabilities were given in sim-
ple closed form expressions to help quantify what this means in practice+ These
kinds of specific details are not often found in the literature ~one nice example
is Zhang, 1993b, where rates at which over- and underfitting occur were estab-
lished within the context of fixed-penalty information criteria!+ Our results show
that underfitting is much worse than first thought—that the highest posterior
model will tend to favor the smallest models with high signal coefficients among
the group of underfit models for finite samples+ This was further amplified by
a local asymptotic argument that showed that the highest posterior model will
eventually concentrate on the null model in cases where true coefficients are
all weak+

We proposed a remedy for this by rescaling the responses and suitably alter-
ing the Bayesian hierarchy+ Highest posterior model selection under the result-
ing rescaled spike and slab models, although no longer risk consistent, will be
more evenly balanced, and the problems of underfitting will be substantially
mitigated+ In addition, calibration of the gk can be done in a way that is intu-
itively consistent with the spike and slab hierarchy+ Interestingly though, under
nonsparse prior settings, things break down because there is no sensible way to
calibrate the gk+ Here, regardless of how the gk are set, overfitting will be the
result+ This suggests that there is a disconnection between the general use of
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the highest posterior model for model selection and the manner in which hyper-
parameters in the prior are chosen+

One promising alternative that does not suffer from these problems is model
selection based on the posterior mean from a rescaled spike and slab hierarchi-
cal model+ Specifically, let Zbn

* � ~ Zb1, n
* , + + + , ZbK, n

* !' denote the posterior mean
for b from ~11!+ Taking advantage of conjugacy and orthogonality, one can
show that

E ~bk 6Y*,Ma! � �
gk

1 � gk

jk, n if k � a

0 if k � a+

Therefore,

Zbk, n
* � �

a�Dk

E ~bk 6Y*,Ma!p~Ma 6Y* !

�
gk

1 � gk

pk
*jk, n , k � 1, + + + ,K+ (13)

Proper calibration of priors is now no longer difficult, even for the nonsparse
setting+ For example, using the notation of Section 6+3, suppose that the model
complexity value is w � 1

2
_ + If gk is chosen to be small for zero coefficients and

large for nonzero coefficients, then pk
* will be nearly one for all coefficients+

However, the posterior mean, because it includes the shrinkage effect gk0~gk �1!,
will shrink the value of pk

* and consequently will be small for zero coefficients
while still being large for nonzero coefficients+

Thus, selection based on using the posterior mean will be free from calibra-
tion problems in all settings+ In fact, effective strategies for model selection
using the posterior mean from rescaled spike and slab models have already been
developed ~Ishwaran and Rao, 2005b!+ These operate by extending the hierar-
chy to include a continuous bimodal prior for the gk and provide automatic
adaptive estimation of the gk ~recall how the effectiveness of such values was
demonstrated in the Breiman simulations!+ The resulting model averaged pos-
terior mean estimates coupled with hard thresholding are then used for selec-
tion+ A detailed theoretical treatment and empirical validation supporting the
use of the posterior mean can be found in Ishwaran and Rao ~2003, 2005a,
2005b! for the interested reader+
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APPENDIX A: Proofs

Proof of Theorem 2. With some algebra, and using Xa
' Xa � nIa, one can show for

each nonnull model Ma,

f ~Y6Ma! � Ca exp�1

2 �
k�a

dk, njk, n
2 �,

where jk, n is defined as in ~12!, dk, n is defined as in Theorem 4, and

Ca � ~2p!�n02n�Ka 02 [sn
�n�Ka exp��

1

2 [sn
2

Y'Y�	
k�a

~gk � [sn
20n!�102+

Therefore, if Ma and Ma ' are two distinct nonnull models,

f ~Y6Ma!

f ~Y6Ma ' !
� � [sn

2

n
�~Ka�Ka ' !02 	

k�a

~gk � [sn
20n!�102

	
k�a '
~gk � [sn

20n!�102

� exp�1

2 �
k�a

dk, njk, n
2 �

1

2 �
k�a '

dk, njk, n
2 �+

Taking logs, and keeping in mind [sn
2 p
&& s2 � 0, it follows that

log~p~Ma 6Y!!� log~p~Ma ' 6Y!!

�
1

2
~Ka ' � Ka! log~n!�

1

2 �
k�a

dk, njk, n
2 �

1

2 �
k�a '

dk, njk, n
2

�
1

2
~Ka� Ka ' ! log~ [s 2 !�

1

2 �
k�a '

log~gk !�
1

2 �
k�a

log~gk !

� log~p~Ma!!� log~p~Ma ' !!� Op~n
�1 !+ (A.1)

Notice that the first term on the right-hand side represents a BIC penalty that penalizes
larger models by a factor of log~n!+ There is a trade-off in size, though, involving the
sums containing jk, n

2 + These terms can be evaluated using a central limit theorem+ In
particular, it follows that if bk,0 � 0, then jk, n

2 �
d
x1

2 , whereas if bk,0 � 0, we have
jk, n � [sn

�1~n102bk,0 � Op~1!!+ Thus over the nonzero coefficients, jk, n
2 is order Op~n!,

which becomes the dominant term in ~A+1!+ Because of this, it is clear that each Cat-
egory II model Ma will have exponentially larger posterior probability than any Cat-
egory I model Ma ' , and thus ~ii! follows ~for the case of the null model a ' � À, simply
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substitute 0 for Ka ' and remove all sums involving a ' in ~A+1!!+ Over Category II
models,

1

2 �
k�a

dk, njk, n
2 �

1

2 �
k�a '

dk, njk, n
2

�
1

2 �
k�a�a0

c

jk, n
2 �

1

2 �
k�a '�a0

c

jk, n
2 � Op~n

�1 !+ (A.2)

Because ~A+2! only involves zero coefficients, the term is order Op~1!, and thus the BIC
penalty becomes the dominant term in ~A+1!+ Because this penalty penalizes larger mod-
els, deduce ~i!+ Furthermore, if Ka � Ka ' , and if p is uniform and g1 � {{{ � gK , then
~A+1! reduces to ~A+2! over Category II models+ If Ma and Ma ' are distinct, the sum
on the right-hand side of ~A+2! converges in distribution to 1

2
_ of the difference between

two i+i+d+ xk
2 variables ~with 2k equaling the total number of distinct zero coefficients in

both models!+ From this deduce the second part of ~iv!+ The first part of ~iv! follows
because ~A+1! reduces to ~A+2! plus an incidental finite constant if p and gk are not
necessarily uniform+

Finally to prove ~iii!, observe that dk, njk, n
2 � [sn

�2 nbk,0
2 � Op~n102! if bk,0 � 0+ These

variables represent the dominating terms in working out the desired probability and are
of order n+ Dividing ~A+1! throughout by [sn

�2 n, and using [sn
2 p
&& s2 � 0, it follows that

the event on the left-hand side of ~9! occurs if and only if

�
k�a�a0

bk,0
2 � �

k�a '�a0

bk,0
2 � Op~n

�102 !� smaller order terms+ �

Proof of Theorem 3. A triangular central limit theorem ~Serfling, 2002! shows under
the local asymptotic setting ~10! that jk, n � sbk,00 [sn � Zk, n where Zk, n �

d
Zk+ Also,

under ~10!, identity ~A+1! continues to hold+ Thus, whenever Ka� Ka ' , the BIC penalty
is the dominant term in ~A+1!, and part ~i! follows+ If Ka � Ka ' , the BIC term disap-
pears+ Part ~ii! follows upon using jk, n �

d
bk,0 � Zk+ �

Proof of Theorem 4. By definition,

pk �

�
a�Dk

p~Ma 6Y!

�
a�Dk

p~Ma 6Y!� �
a�Dk

p~Ma 6Y!

� �1 �

�
a�Dk

p~Ma 6Y!

�
a�Dk

p~Ma 6Y! �
�1

+ (A.3)

In the proof of Theorem 2 we have shown for each nonnull model Ma,

f ~Ma 6Y! � Cn�Ka 02 [sn
Ka exp�1

2 �
k '�a

dk ', njk ', n
2 � 	

k '�a

~gk ' � [sn
20n!�102,
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where C is a constant independent of a ~in fact C � p~MÀ6Y!!+ Assume that a � Dk+
Let a�k � a � $k% + Removing the contribution from the variable k, we have

f ~Ma 6Y! � ~n [sn
�2gk � 1!�102 exp~ 2

1
�dk, njk, n

2 ! f ~Ma�k
6Y!+

Furthermore, because of the special nature of the prior, if we extract the contribution of
k, we have p~Ma! � wk~1 � wk !

�1p~Ma�k
!, and therefore

p~Ma 6Y! � wk~1 � wk !
�1~n [sn

�2gk � 1!�102 exp~ 2
1
�dk, njk, n

2 !p~Ma�k
6Y!+ (A.4)

There is a 1:1 mapping between Dk and Dk
c + In particular, observe that

�
a�Dk

p~Ma�k 6Y! � �
a�Dk

p~Ma 6Y!+

Hence, if we extract the term in ~A+4! depending upon k, the ratio of the sums in ~A+3!
simplifies to

Rk � ~wk
�1 � 1!~n [sn

�2gk � 1!102 exp~� 2
1
�dk, njk, n

2 !+

Therefore, pk
�1 � 1 � Rk+ By carefully tracking back through the arguments, substituting

n for [sn
2 and Y* for Y, one can deduce a similar result for pk

*+ �

Proof of Theorem 5. We first prove ~i! by showing that the posterior model proba-
bility factorizes into a product of the underlying posterior inclusion probabilities+ To do
so we will make use of the product rule of probability+ For convenience we will use
products hereafter to indicate intersection of sets+ Let D be any set of models such that
Dk � D � À and Dk

c � D � À+ We have

p~a � Dk 6a � D,Y* ! �
�

a�Dk�D

p~Ma 6Y* !

�
a�Dk�D

p~Ma 6Y* !� �
a�Dk

c�D

p~Ma 6Y* !

� �1 �

�
a�Dk

c�D

p~Ma 6Y* !

�
a�Dk�D

p~Ma 6Y* ! �
�1

+

By arguing as in the proof of Theorem 4 ~cf+ eqn+ ~A+3!!, one can show this equals pk
*+

The other relevant case for D occurs when Dk � D � $k% and Dk
c � D � À+ In other

words, D � $À, $k%% + Let Rk
* be the value of Rk when n is substituted for [sn

2 and dk for
dk, n+ Then, arguing as before, it is not hard to see that

p~a � Dk 6a � D,Y* ! � �1 �
p~MÀ 6Y* !

p~MÀ 6Y* !0Rk
*��1

� pk
*+
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From this, and the product rule of probability, deduce that for any model

p~Ma 6Y* ! � p�	
k�a

Dk 	
k�a

Dk
c 6Y *�� 	

k�a

pk
* 	

k�a

~1 � pk
*!+

It is clear that the median model is the model that maximizes the posterior model
probability+

Now to prove ~ii! and ~iii!+ Using arguments similar to Theorem 2 deduce

log~p~Ma 6Y* !!� log~p~Ma ' 6Y* !!

�
1

2 �
k�a

dkjk, n
2 �

1

2 �
k�a '

dkjk, n
2

�
1

2 �
k�a '

log~gk � 1!�
1

2 �
k�a

log~gk � 1!� log~p~Ma!!� log~p~Ma ' !!+

Argue as in the proofs of Theorems 2 and 3 to deduce ~ii! and ~iii!+ �

APPENDIX B: Asymptotics for Null and Full Models

We now indicate how our main asymptotic results are affected when assumption ~3! is
violated+ That is, if Ma0

is allowed to be either the null or full model+

1+ Consider first the case when Ma0
is the full model+ Then the space of Category II

models is simply Ma0
+ Because this space contains only one model, part ~iv! of

Theorem 2 no longer applies+ However, the remainder of the theorem continues to
hold+ Theorems 3 and 5 also continue to hold+ This can be seen by noting that the
key expression ~A+1! applies in the full model case+

2+ Now suppose Ma0
is the null model+ Then the space of Category I models is

defined to be empty, and all models are of a Category II type+ Hence, in Theo-
rem 2, parts ~ii! and ~iii! no longer apply because the Category I model space is
empty+ The remainder of the theorem continues to hold, however+ This follows by
noting that ~A+1! applies to the null model by setting the relevant dimension to
zero and removing all sums involving the null model+ Theorem 3 continues to
apply, although the highest posterior model is obviously no longer inconsistent+
Theorem 3 in fact is noninformative in the null model case because the point was
to consider the setting in which coefficients may be small and nonzero+ Theo-
rem 5 also continues to apply except for part ~ii!, which applies to Category I
models+ Note that in Theorems 3 and 5 if a or a ' is set to the null model, simply
replace the relevant sum with the value 0+ Also note that bk,0 � 0 for each k+

AN IN-DEPTH LOOK AT HIGHEST POSTERIOR MODEL SELECTION 403


